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Kummer Iwasawa p-adic L-functions The Main Conjecture

Let p be an odd prime.

At the dawn of algebraic number theory (∼1850), Ernst Kummer was
interested in the class numbers of the fields Q(ζp).

Theorem (Kummer). The class number of the cyclotomic field Q(ζp) is
divisble by p if and only if p divides the numerator of one of the Bernoulli
numbers B2, B4, . . . , Bp−3.

The Bernoulli numbers are defined by

t

et − 1
=

∑
k≥0

Bk
tk

k!
.
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Here α = ζp, and g is a primitive root modulo p.
Thus ∆ = Reg(Z[ζp]

×).
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e(α) =

√
(1− ζgp )(1− ζ−g

p )

(1− ζp)(1− ζ−1
p )

D is the regulator of the subgroup of units generated by the Galois
conjugates of e(α).
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The product P is essentially the product of the Bernoulli numbers
B2, . . . , Bp−3.
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(2π)(p−1)/2

2pp/2
Reg(Z[ζp]

×)h =
∏
χ ̸=1

L(χ, 1)

The values L(χ, 1) at odd characters are given by Bernoulli numbers, and for
even characters we have

L(χ, 1) =
−1

G(χ−1)

∑
a∈(Z/pZ)×

χ−1(a) log
(
1− ζap

)
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Kummer notes that the factor D/∆(= index of the cyclotomic units in the
full unit group) is also equal to the class number h+ of Q(ζp)

+ = Q(ζp + ζ−1
p ).

Kummer later remarks in a letter to Kronecker that h+ seems to always be
coprime to p. This has been verified for all p < 231.
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Let A be the p-power torsion subgroup of Cl(Q(ζp)). It comes equipped with
a natural action of G = Gal(Q(ζp)/Q) ∼= (Z/pZ)×.

Let ω : (Z/pZ)× → Z×
p be the unique character with a ≡ ω(a) mod p, and

write A(i) = {a ∈ A | σa = ωi(σ)a for all σ ∈ Gal(Q(ζp)/Q)}.

Theorem (Herbrand). Let i odd. If A(i) ̸= 0, then p divides the numerator
of Bp−i.

Questions:

1. Is the converse true?

2. Is the order of A(i) equal to the exact power of p dividing Bp−i?
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In 1959, Iwasawa proved the following result regarding the class numbers of
the fields Q(ζpn).

Theorem (Iwasawa). Let hn = #Cl(Q(ζpn)). Then there exist integers
µ, λ, ν such that

ordp hn = µpn + λn+ ν

for all n≫ 0.

Main important idea: Γ := Gal(Q(ζp∞)/Q(ζp)) ∼= Zp.

Each Yn := p−power torsion of Cl(Q(ζpn)) is naturally a Zp[Γ/Γ
pn ] module,

so Y∞ = lim←−Yn is naturally a module over Λ(Γ) = lim←−Zp[Γ/Γ
pn ] (in fact,

finitely generated and torsion).
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The ring Λ(Γ) is isomorphic to Zp[[T ]], which is a 2-dimensional complete
regular local ring. Established structure theory for modules over such rings
implies the following:

Theorem. There exists a map with finite kernel and cokernel from Y∞ to
a module of the form

s⊕
i=1

Zp[[T ]]/(p
mi)⊕

t⊕
j=1

Zp[[T ]]/(f
nj

j )

where each fj is a distinguished irreducible polynomial.

Iwasawa’s result holds now with µ =
∑

i mi and λ =
∑

j nj deg(fj).

We call pµ
∏

j f
nj

j the characteristic polynomial of the module Y∞.
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In 1964, Kubota and Leopoldt found a p-adic analogue of the Dirichlet
L-function

Lp(χ, ·) : Qp → Cp

that interpolates the values of the complex L-function at negative integers.

These functions are quite simple, in the sense that there are power series
fi ∈ Zp[[T ]] such that

fi((1 + p)1−s − 1) = Lp(ω
i, s)
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Theorem. Let h−
n = hn/h

+
n . Write fi = pµiPiUi with Pi ∈ Zp[[T ]]

distinguished of degree λi and Ui ∈ Zp[[T ]]
×. Then for all n ≥ 1 with

maxλi < pn−1 − pn−2,

ordp h
−
n = µpn + λn+ ν,

where µ =
∑

i µi and λ =
∑

i λi.

In fact, we know that µ = 0 for all p, and for all p < 231 we have ν = 0 and
the formula holds for all n.

Question: What is the relation between the characteristic polynomial of Y∞
and the power series fi?
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Write Y∞(i) = {y ∈ Y∞ | σy = ωi(σ)y for all σ ∈ Gal(Q(ζp)/Q)}.

Theorem (Mazur–Wiles). Let i ̸≡ 0 mod p − 1 odd. The characteristic
polynomial of Y∞(i) is (up to a unit) equal to

fp−i

(
1 + p

1 + T
− 1

)
.

Corollary. Let i odd. Then

ordp #A(i) = ordp(Bp−i).
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